
 
Compactification

Recall from the homework IR is not compact

but IR U a w basis givenby open balls and
Ur x c IR Ix r U A for r 0 is compact
This is called a.com aeEfieaIon of IR

More generally

Defi If Y is compact Hausdorff t X Y is a homeomorphism

onto its imagesuch that X isdense in Y Y is a

compactifi of X If Y IX is asingle point Y is a

onepointcompactification of X

Example
1 g is a compactification of 0,1 but so is o D i e

compactification are not necessarily unique

O
2 O 1 0,1 has lots of compactifications

e.si
s to



3 IRPhlresp.ae projective n space is a compactification of 112

resp G

4 let 7 begiventhe discretetopology let X 7063 given
the subspacetopology in IRU a This gives a

one point compactification of 12

i
Compactification are really useful For example in algebraic
geometry compact varieties are much easier to work with

When do compactifications exist

Localcompactness

Defi X is locallycompact if there is some compact
C EX that contains a neighborhood of X

X is locallyconspact if its locally compact at every point

Exampies
1 Any compactspace is locallycompact

2 R is locally compact x e B x C Br
closedbounded



3 Rw is not locally compact since none of its basis elements
are contained in compact subspaces otherwise their
closures would be compact

Local compactness is exactly the necessary and sufficient
condition for aHausdorffspaceX to have a one point compactification

Theoremi X is locally compact Hausdorff F Y s t

1 X is a subspace of Y
2 YIX is a singlepoint

3 Y is compact Hausdorff

Pfi See Munkres

X is a subspace of a Hausdorff space so it'sHausdorff

If x c X Choose Utx and V YIX disjoint neighborhoods
Then XLV isclosed and thus compact so x c U E XIVEX

T f
open compact

Thus X is locally compact D

theorem If Yand Y are onepoint compactifications of X
then 7 a homeomorphism between Y and Y that is the
identity on X i e Ig commutes

Y Y



PI let YIX p and Y IX q
Define f Y Y by f x it x cX

q if x p

let U EY be open

I f petU UE X f u U which is open in X and thus in
Y since XEY is open

If pe U then GYIU EX E Y is closed andthus compact
so f c C E X is compact and thus closed in Y since
Y is Hausdorff Thus Y l t c t U is open
so f is an open map

By symmetry f is open so f is a homeomorphismD

The topology on Y XU a the one pt compactification of X

is the collection of open sets in X along w sets U EY s.t

c U and YIU C X iscompact

If X is Hausdorff we have anotherformulation of local compactness

that looks more local

thm X Hausdorff X is locallycompact for x cXand U a

neighborhood of X F a neighborhood V of x s.t.VE U and
i it is compact
i ll U



PI Follows fromdefinition

Suppose X locally compact x c X U aneighborhood of X

Let Y be the one point compactification of X

let C Y U Then C is closed in Y and thus
compact

cilU
V w

Recallfrom an earlierproof that we can use the Hausdorff property

along w compactness of C to find disjointopen sets V and W

containing x and C respectively

Thus I E U is closed and thus compact D

Co X locally compact Hausdorff A EX If Ais open or closed

it's locally compact

PI If A is closed then take XEA let LEX be compact containing
a neighborhood Hot X

C

MA is closed in C and thus compact and URA is a neighborhood of



x in A contained in CNA

If A is open in X for x c A we can choose V EA s t T E U
and T is compact T contains the neighborhood V of X so A

islocally compactD


